Abstract Let F v (resp. F e ) be the set of faulty vertices (resp. faulty edges) in the n-dimensional balanced hypercube BH n . Fault-tolerant Hamiltonian laceability in BH n with at most 2n − 2 faulty edges is obtained in [Inform. Sci. 300 (2015) 20-27]. The existence of edge-Hamiltonian cycles in BH n − F e for |F e | ≤ 2n − 2 are gotten in [Appl. Math. Comput. 244 (2014) 447-456]. Up to now, almost all results about fault-tolerance in BH n with only faulty vertices or only faulty edges. In this paper, we consider fault-tolerant cycle embedding of BH n with both faulty vertices and faulty edges, and prove that there exists a fault-free cycle of length 2 2n − 2|F v | in BH n with |F v | + |F e | ≤ 2n − 2 and |F v | ≤ n − 1 for n ≥ 2. Since BH n is a bipartite graph with two partite sets of equal size, the cycle of a length 2 2n − 2|F v | is the longest in the worst-case.
Introduction
In a multiprocessor system, processors communicate by exchanging messages through an interconnection network whose topology often modeled by an undirected graph G = (V, E), where every vertices in V corresponds to a processor, and every edge in E corresponds to a communication link.
The n-dimensional balanced hypercube BH n , proposed by Wu and Huang [16] , is an important class of generalizations of the popular hypercube interconnection network for parallel computing. It has many desirable properties, such as bipartite, regularity, recursive structure, vertextransitive [10] and edge transitive [25] , as the hypercube. However, the balanced hypercube is superior to the hypercube in a sense that it has a smaller diameter than that of the hypercube and supports an efficient reconfiguration without changing the adjacent relationship among tasks [16] . More desired properties of balanced hypercubes have been shown in the literature. Let BH n be an n-dimensional balanced hypercube. Wu and Huang [10] proved that BH n is bipartite graph and vertex transitive. Huang and Wu [11] studied resource placement problem in BH n . Zhou et al. [25] obtained that BH n is edge transitive and determined the cyclic connectivity and cyclic edge-connectivity of BH n . Xu et al. [18] showed that BH n is edge-pancyclic and Hamiltonian laceable. Yang [19] further showed that BH n is bipanconnected for all n ≥ 1. Yang [20] determined super connectivity and super edge connectivity of BH n . Yang [21] also gave the conditional diagnosability of BH n under the PMC model. Lü et al. [13] obtained (conditional) matching preclusion number of BH n . Lü and Zhang [14] further proved that BH n is hyper-Hamiltonian laceable. Cheng et al. [5] showed that there exist two vertex-disjoint path cover in BH n .
Since faulty vertices and faulty edges may happen in the real world networks, the fault-tolerant of networks has been proposed, see [7, 9, 15, 17, 24] etc.. There are some results about the fault-tolerance of BH n . Let F v (resp. F e ) be the set of faulty vertices (resp. faulty edges) in the n-dimensional balanced hypercube BH n . As examples, Zhou et al. [26] derived that BH n is (2n − 2)-edge-fault Hamiltonian laceable for n ≥ 2, i.e., if at most 2n − 2 faulty edges occurs, the resulting graph remains Hamiltonian laceable. Cheng et al. in [4] proved that if |F v | ≤ n − 1 faulty vertices occurs, every fault-free edge of BH n − F v lies on a faultfree cycle of every even length from 4 to 2 2n − 2|F v |. Cheng et al. in [3] derived that BH n is (2n − 3)-edge-fault-bipancyclic, that is, there are at most |F e | ≤ 2n − 3 faulty edges, every fault-free edge of BH n − F e lies on a fault-free cycle of every even length from 4 to 2 2n . Hao et al. [8] gave the existence of (2n − 2)-edge-fault-tolerant cycle embedding in BH n . But up to now, almost all results about fault-tolerance in BH n with only faulty vertices or only faulty edges.
In this paper, we consider cycle embedding of BH n with both faulty vertices and faulty edges, and prove that there exists a fault-free cycle of length 2 2n − 2|F v | in BH n with |F v | + |F e | ≤ 2n − 2 and |F v | ≤ n − 1 for n ≥ 2. Since BH n is a bipartite graph with two partite sets of equal size, the cycle of length 2 2n − 2|F v | is the longest in the worst-case. This paper improves the results about the longest fault-free cycle in BH n with only faulty vertices or only faulty edges.
The rest of this paper is organized as follows. Section 2 presents some necessary definitions of graphs and properties of balanced hypercubes as preliminaries. The proof of our main result is given in Section 3. Section 4 concludes this paper.
Preliminaries
Let G = (V, E) be a simple undirected graph, where V is the vertex-set of G and E is the edge set of G. The neighborhood of a vertex u in G is the set of all vertices adjacent to u in V (G), denoted by N G (u). The cardinality |N G (u)| represents the degree of u in G, denoted by d G (u). A path P , denoted by P = u 0 , u 1 , . . . , u k , is a sequence of vertices where two successive vertices are adjacent in G. u 0 and u k are called the endvertices of a path P . A u − v path which is denoted by P [u, v] is a path with endpoints u and v. For 0
A cycle is a path that two ends are the same vertex. A cycle (resp. path) is a Hamiltonian cycle (resp. Hamiltonian path) if it traverses all the vertices of G exactly once. The length of a path is the number of edges in it.
A graph G is said to be Hamiltonian connected if there exists a Hamiltonian path between any two vertices of G. It is easy to see that any bipartite graph with at least three vertices is not Hamiltonian connected. A bipartite graph G is Hamiltonian laceable (resp. strongly Hamiltonian laceable) if there exists a of length |V (G)| − 1 (resp. |V (G)| − 2) between two arbitrary vertices from different (resp. same) partite sets. A bipartite graph G with bipartition V 0 ∪ V 1 is hyper-Hamiltonian laceable if it is Hamiltonian laceable and, for any vertex v ∈ V i (i ∈ {0, 1}), there is a Hamiltonian path in G − v between any pair of vertices in V 1−i .
An n-dimensional balanced hypercube, denoted by BH n , is proposed by Wu and Huang [16] which is defined as an undirected simple graph. Definition 2.1 An n-dimensional balanced hypercube BH n with n ≥ 1 has 2 2n vertices with addresses (a 0 , a 1 , . . . , a n−1 ), where a i ∈ {0, 1, 2, 3} for each 0 ≤ i ≤ n − 1. Each vertex (a 0 , a 1 , . . . , a n−1 ) is adjacent to the following 2n vertices:
((a 0 ± 1)(mod 4), a 1 , . . . , a n−1 ); ((a 0 ± 1)(mod 4), a 1 , . . . , a j−1 , (a j + (−1) a0 )(mod 4), a j+1 , . . . , a n−1 ), where j is an integer with 1 ≤ j ≤ n − 1.
'+' and '−' are the operation with "(mod 4)". For notation convenience, "(mod 4)" is omitted. The balanced hypercube BH n can also be recursively defined.
Definition 2.2 BH n can be recursively constructed as follows:
(1) BH 1 is a cycle consisting of 4 vertices labeled as 0, 1, 2, 3 respectively. (2) For n ≥ 2, BH n consists of four copies of BH n−1 , denoted by BH
has two extra adjacent vertices which are also called extra neighbors: The first element a 0 of vertex (a 0 , a 1 , . . . , a n−2 , a n−1 ) is called the inner index, and the other elements a i , for all 1 ≤ i ≤ n − 1, are called idimensional index. By [23, Lemma 5] , for each vertex u of BH n , there exists a unique vertex, denoted by u * , such that N BHn (u) = N BHn (u * ). Since BH n is a bipartite graph, we refer to a vertex with an odd inner index as a black vertex and a vertex with an even inner index as a white vertex. If two adjacent vertices u and v differ in only the inner index, the edge e = (u, v) is said to be 0-dimensional and v is a 0-dimensional neighbor of u. Let [n] = {0, 1, . . . , n − 1} (but not general meaning {1, 2, . . . , n}). Likewise if two adjacent vertices u and v not only differ in the inner index, but also differ in some j-dimensional index (j ∈ [n]), the edge e = (u, v) is said to be j-dimensional, and v is the j-dimensional neighbor of u. Let E j , where j ∈ [n], denote the set of all j-dimensional edges. For i ∈ {0, 1, 2, 3} and j ∈ [n], we use BH j,i n−1 to denote (n − 1)-dimensional sub-balanced hypercubes of the BH n induced by all vertices labeled by (a 0 , a 1 , . . . , a j−1 , i, a j+1 , . . . , a n−2 , a n−1 ). Obviously, and E c , respectively, where i ∈ {0, 1, 2, 3} and (n − 1)-dimension crossing edges are called crossing edges. Let E 0 be the set of all 0-dimensional edges, Lü et al. [13] obtained that BH n − E 0 has four components, each component is isomorphic to BH n−1 .
Some known basic properties of BH n are given as follows.
Lemma 2.3 ([16])
The balanced hypercube BH n is bipartite and vertex transitive.
Lemma 2.4 ([25])
The balanced hypercube BH n is edge transitive.
Lemma 2.5 ([18])
The balanced hypercube BH n is edge-bipancyclic and Hamiltonian laceable for all n ≥ 1.
Lemma 2.6 ([19])
The balanced hypercube BH n is bipanconnected for all n ≥ 1.
Lemma 2.7 ([14])
The balanced hypercube BH n is hyper-Hamiltonian laceable for n ≥ 1. Thus, BH n is strongly Hamiltonian laceability.
Lemma 2.8 ([5])
Let X and Y be two distinct partite sets of BH n . Assume u and x are two different vertices in X, v and y are two different vertices in Y . Then there exist two vertex-disjoint paths P [x, y] and R [u, v] , and
Lemma 2.9 (1) ( [18] ) Let e = (u, v) be an edge of BH n . e is contained in a cycle C of length
(2) ( [4] ) Let e = (u, v) be an edge of BH n . If e is along dimension j (1 ≤ j ≤ n − 1), then there are 2n − 2 internal vertex-disjoint paths of length 7 joining u and v such that each path has only one edge in each BH j,i n−1 , where i ∈ {0, 1, 2, 3}.
(3) ( [4] ) Let e = (x, y) be any edge in BH j,0 n−1 , then there exist two internal vertex-disjoint paths x, y 1 , x 1 , y 2 , x 2 , y 3 , x 3 , y and x, y
Lemma 2.10 ( [8] ) Let A = {e 1 , e 2 , . . . , e k } for k ≥ 2 be the set of jdimensional edges in BH i n−1 , where j ∈ [n] and i ∈ {0, 1, 2, 3}. Then there are cycles D 1 , D 2 , . . . , D k which contain e 1 , e 2 , . . . , e k , respectively, such that the length of each cycle is 8,
For the fault tolerance of BH n , Cheng et al. [3] and [4] derived the following two results, respectively..
Lemma 2.11 ([3])
Let F e be the set of faulty vertices in BH n with |F e | ≤ 2n − 3. Then every fault-free edge of BH n − F e lies on a fault-free cycle of every even length from 4 to 2 2n inclusive, where n ≥ 2.
Lemma 2.12 ([4])
Let F v be the set of faulty vertices in BH n with |F v | ≤ n − 1. Then every fault-free edge of BH n − F v lies on a fault-free cycle of every even length from 4 to 2 2n − 2|F v | inclusive, where n ≥ 1.
Hao et al. [8] and Zhou et al. [26] obtained the following two results, respectively.
Lemma 2.13 ([8])
Let F e be a faulty edge set of the balanced hypercube BH n with |F e | ≤ 2n − 2, n ≥ 1, then there exists a fault-free Hamiltonian path between any two adjacent vertices x and y in BH n .
Lemma 2.14 ([26])
BH n is (2n − 2)-edge-fault Hamiltonian laceable for n ≥ 2.
Main results
In this section, we consider cycle embedding in faulty balanced hypercube BH n . For this purpose, we need the following lemma.
Lemma 3.1 Let F v (resp. F e ) be the set of faulty vertices (resp. faulty edges) with |F v | + |F e | ≤ n − 1 in BH n for n ≥ 1. Then, there is a faultfree path in BH n whose length is 2 2n − 2|F v | − 1 between any two adjacent vertices x and y in BH n .
Proof. Assume x is a white vertex and y is a black vertex and (x, y) ∈ E(BH n ). Recall that f e = |F e |, f v = |F v |, f = f e + f v . We only need to prove the result holds for f = n − 1. We show the lemma by induction on n. If n = 1, f = 0, BH 1 is a cycle of length 4, so the result is right. Now we consider n = 2. If f e = 0, then f v = 1. Since x and y are adjacent, regard (x, y) as a fault-free edge, by Lemma 2.12, the edge (x, y) lies in a fault-free cycle of length 2 4 − 2, this implies there exists a fault-free path P [x, y] of length 2 4 − 2 − 1 = 13. If f v = 0, then f e = 1. Since x and y are adjacent, by Lemma 2.13, there exists a fault-free Hamiltonian x − y path of length 2 4 − 1 = 15. The lemma holds for n = 2. Assume that the lemma holds for BH n−1 for n ≥ 3. Now we consider BH n . If BH n has no faulty edges, then f v ≤ n − 1. By Lemma 2.12, there exists a fault-free path of length 2 2n − 2f v − 1 between x and y. So we assume that there is at least one faulty edge. Without loss of generality, suppose there exists an (n−1)-dimensional faulty edge. We can divide BH n into BH By the inductive hypothesis, there exists a fault-free x − y path P 0 in BH 0 n−1 of length 2
We claim that there exists at least one k ∈ {0, 1, . . . , n − 2} such that P 0 contains at least 2n − 1 k-dimensional edges. Otherwise, for every k ∈ {0, 1, . . . , n − 2}, P 0 contains at most 2n − 2 k-dimensional edges. As a result, P 0 contains at most (n − 1)(2n − 2) edges.
By the inductive hypothesis in BH i n−1 , for each i ∈ {1, 2, 3}, there exists a fault-free
x and y are in two distinct BH i n−1 's, where i ∈ {0, 1, 2, 3} = [4] . Without loss of generality, suppose x ∈ V (BH 0 n−1 ). Since x and y are adjacent, y ∈ V (BH 1 n−1 ). By Lemma 2.9(2) and f ≤ n− 1 ≤ 2n− 2 for n ≥ 3, there exists a fault-free x − y path P , say P = x, v 0 , u 3 , v 3 , u 2 , v 2 , u 1 , y , of length 7 such that P has only one edge in BH i n−1 for each i = 0, 1, 2, 3.
By the inductive hypothesis, there exists a fault-free x − v 0 (resp.
By the above cases, the proof is complete.
Lemma 3.2 Let v be a faulty vertex and e be a faulty edge in BH 2 . Then there exists a fault-free cycle of length 14 in BH 2 .
Proof. By Lemma 2.4, BH 2 is edge transitive, we may assume that a = ((0, 0), (1, 1)) is a faulty edge. For each possible faulty vertex v ∈ V (BH 2 ), we can find a desired cycle. All the cases are listed in Table 1 . The following is our main result.
Theorem 3.3 Let F v and F e be the set of faulty vertices and faulty edges, respectively, with |F v | ≤ n − 1 and |F v | + |F e | ≤ 2n − 2 in BH n , where n ≥ 2. Then there exists a fault-free cycle of length
Proof. We prove this theorem by induction on n.
Recall that E j is the set of j-dimensional edges in BH n for j ∈ [n]. Since |F v | + |F e | ≤ 2n − 2, there exists a j ∈ [n] such that |F e ∩ E j | ≤ 1. Without loss of generality, let j = n − 1. Then we can divide BH n into four components, say
v for i ∈ {0, 1, 2, 3}. If n = 2, then f v + f e ≤ 2 and f v ≤ 1. If f v = 1 and f e = 0, then by Lemma 2.12, the result is right. If f v = 1 and f e = 1, the result follows from Lemma 3.2. If f v = 0 and f e ≤ 2. Choose a fault-free edge (u, v), by Lemma 2.13, there exists a fault-free Hamiltonian path P between u and v in BH 2 , then u, P, v, u is the desired cycle of BH 2 . The theorem is true for n = 2.
For n ≥ 3, we assume that the theorem is true in BH m with f v + f e ≤ 2m−2 and f v ≤ m−1 for every integer 2 ≤ m < n. Now we consider BH n as follows. If BH n has no faulty vertices, then f v = 0 and f e ≤ 2n−2. Choose a fault-free edge (x, y), since f e ≤ 2n − 2, by Lemma 2.13, there exists a fault-free Hamiltonian path P from x to y in BH n . Let C = x, P, y, x . Clearly, |E(C)| = 2 2n = 2 2n − 2f v . So we assume 1 ≤ f v ≤ n − 1 in the following. We only need to consider the following three cases. 
is a desired fault-free cycle in BH n of length 2 2n − 2f v . Subcase 1.2. There exists only one i ∈ {0, 1, 2, 3} such that n − 1 ≤ f i ≤ 2n − 4. Without loss of generality, let i = 0. It implies that 0 ≤ f j ≤ n − 2 for all j ∈ {1, 2, 3}. Subcase 1.2. If C 0 does not contain any faulty vertex, choose an edge, say (u 0 , v 0 ) ∈ E(C 0 ) (assume u 0 is white, v 0 is black). By Lemma 2.9(3) and f c ≤ 1,
is fault-free for each i ∈ {0, 1, 2, 3}. Since for any i ∈ {1, 2}, f i v = 0 and f i e ≤ n − 1 ≤ 2n − 2 for n ≥ 3, by Lemma 2.14, there exists a fault-free path P i between u i and v i in BH i n−1 whose length is 2 2(n−1) − 1. Since f 3 v = 0 and f 3 e ≤ n − 1 ≤ 2n − 3 for n ≥ 3, by Lemma 2.11, there exists a fault-free cycle C 3 of length 2 2(n−1) − 2 passing through (u 3 , v 3 ). Let
Now assume that C 0 contains one faulty vertex u 0 and u 0 is black. (If C 0 contains a white faulty vertex, the discussions are similar, so it is omitted.) Let a 0 and b 0 be two vertices adjacent to u 0 on C 0 . Let c 0 ∈ C 0 be a neighbor of b 0 . Recall that each vertex has two extra neighbors and f c ≤ 1, we can choose the extra neighbors c 1 ∈ V (BH 1 n−1 ) and a 3 ∈ V (BH 3 n−1 ) of a 0 and c 0 , respectively, such that both (a 0 , c 1 ) and (c 0 , a 3 ) are faultfree. For i ∈ {1, 2}, let (a i , c i+1 ) ∈ E(BH n ) be a fault-free edge, where a i ∈ V (BH i n−1 ) be a white vertex and c i+1 ∈ V (BH i+1 n−1 ) be a black vertex. For i ∈ {1, 2, 3}, f i e ≤ n − 1 ≤ 2n − 4 for n ≥ 3 and f i v = 0, by Lemma 2.14, there exists a fault-free path P i of length 2 2(n−1) − 1 between a i and c i in BH i n−1 . Let P 0 = C 0 − {u 0 , b 0 }. A desired fault-free cycle of BH n can be constructed as a 0 , P 0 , c 0 , a 3 , P 3 , c 3 , a 2 , P 2 , c 2 , a 1 , P 1 , c 1 , a 0 of length 2 2n − 2f v (see Figure 2) . Subcase 1.3. There exist two distinct i, k ∈ {0, 1, 2, 3} such that n − 1 ≤ f i ≤ 2n − 4 and n − 1 ≤ f k ≤ 2n − 4. Without loss of generality, assume that i = 0. Since f ≤ 2n − 2, it implies that f 0 = f k = n − 1, f c = |F c | = 0 and f t = 0 for any t ∈ {1, 2, 3} − {k}. Let v 0 be a neighbor of u 0 in C 0 and u 1 be a neighbor of
n−1 ) be a black vertex and u 3 ∈ V (BH 3 n−1 ) be a white vertex. Since f t = 0 for t ∈ {2, 3}, by Lemma 2.5, there exists a fault-free path P t of length 2 2(n−1) − 1 between u t and v t in BH t n−1 . Let
) be an extra neighbor of u 0 (resp. v 2 , u 2 and v 0 ). Since f t = 0 for t ∈ {1, 3}, by Lemma 2.5, there exists a faultfree path P t of length 2 2(n−1) − 1 between u t and v t in BH t n−1 . Let The desired cycle of BH n can be constructed by the similar discussions as Subcase 1.2.2, the details are omitted.
Case 2. There exists one i ∈ {0, 1, 2, 3} such that f i = 2n − 3. Without loss of generality, let i = 0, i.e., f 0 = 2n − 3. It implies that f t ≤ f − f 0 ≤ 1 for all t ∈ {1, 2, 3}. We consider the following two subcases. 
Since f t ≤ 1 for all t ∈ {1, 2, 3}, note that 1 ≤ n − 1 and 1 ≤ 2n − 3 for n ≥ 3, by Lemma 2.12 or Lemma 2.11, there exists a fault-free cycle C t of length 2 
. By using the method similar to that of Subcase 1.2.2, we can find a desired cycle of length 2 2n − 2f v in BH n . The details are omitted. Now we assume that C 0 contains one faulty vertex u 0 and u 0 is black (if u 0 is white, the discussions are similar). Let a 0 and b 0 be two vertices adjacent to u 0 in C 0 . Let c 0 ∈ C 0 be a neighbor of b 0 . Recall that each vertex has two extra neighbors and f c ≤ 1, we can choose the extra neighbors c 1 ∈ V (BH 1 n−1 ) and a 3 ∈ V (BH 3 n−1 ) of a 0 and c 0 , respectively, such that both (a 0 , c 1 ) and (c 0 , a 3 ) are fault-free. The desired cycle of BH n can be constructed by the similar discussions as Subcase 1.2.2, the details are omitted.
Case 3. There exists one i ∈ {0, 1, 2, 3} such that f i = 2n − 2. Without loss of generality, let i = 0, i.e. f 0 = f = 2n − 2. It implies that f j = 0 for all j ∈ {1, 2, 3} and f c = 0.
Since f v ≥ 1, we can choose a faulty vertex, say w (assume w is black, the discussion is similar for w being white). Note that
is black) be a faulty edge. Image w and (u 0 , v 0 ) as fault-free temporarily. 2n − 2f v in BH n can be constructed as a 0 , b 1 , P 1 , a 1 , b 2 , P 2 , a 2 , b 3 , P 3 , a 3 , b 0 , P 0 , a 0 . Subcase 3.2. w / ∈ C 0 and (u 0 , v 0 ) ∈ E(C 0 ). By Lemma 2.9(1) and f c = 0, (u 0 , v 0 ) is contained in a cycle C, say
) is fault-free for each i ∈ {0, 1, 2, 3}. A desired cycle can be constructed by the similar discussion as Subcase 3.1, the details are omitted. Subcase 3.3. w ∈ C 0 and (u 0 , v 0 ) / ∈ E(C 0 ). Let a 0 and b 0 be two vertices adjacent to w in C 0 . Since each vertex has two extra neighbors, let a 1 ∈ V (BH Assume that C 0 = a 0 , w, u 0 , v 0 , P 0 [v 0 , a 0 ], a 0 . For i ∈ {1, 2, 3}, let u i ∈ V (BH i n−1 ) be a white vertex such that (u 3 , v 0 ) ∈ E(BH n ). For j ∈ {1, 2, 3}, let v j ∈ V (BH j n−1 ) be a black vertex such that (a 0 , v 1 ), (u 1 , v 2 ), (u 2 , v 3 ) ∈ E(BH n ). Since f i = 0 for i ∈ {1, 2, 3}, by Lemma 2.5, there exists a u i −v i path P i of length 2 2(n−1) −1 in BH i n−1 . Thus, a 0 , v 1 , P 1 , u 1 , v 2 , P 2 , u 2 , v 3 , P 3 , u 3 , v 0 , P 0 [v 0 , a 0 ], a 0 is a desired fault-free cycle of length 2 2n − 2f v in BH n . Subcase 3.4.2. u 0 = {a 0 , b 0 }. Let c 1 ∈ V (BH 1 n−1 ) (resp. u 3 ∈ V (BH 3 n−1 )) be an extra neighbor of a 0 (resp. v 0 ). Let c 0 ∈ C 0 be a neighbor of b 0 such that c 0 = v 0 (otherwise let c 0 ∈ C 0 be a neighbor of a 0 , the discussion is similar). Thus C 0 is the type as C 0 = a 0 , w, b 0 , c 0 , P 0 [c 0 , u 0 ], u 0 , v 0 , P 0 [v 0 , a 0 ], a 0 (to see Figure 5 ). Since each vertex has two extra neighbors, let v 1 ∈ V (BH 1 n−1 ) (resp. a 3 ∈ V (BH 3 n−1 )) be an extra neighbor of u 0 (resp. c 0 ) such that v 1 = c 1 (resp. a 3 = u 3 ). For i ∈ {1, 2}, let u i , a i ∈ V (BH i n−1 ) be two dis-tinct white vertices. For j ∈ {2, 3}, let v j , c j ∈ V (BH j n−1 ) be two distinct black vertices such that (u j−1 , v j ) ∈ E(BH n ) and (a j−1 , c j ) ∈ E(BH n ). Since f i = 0 for i ∈ {1, 2, 3}, by Lemma 2. BH n is a 0 , c 1 , R 1 [c 1 , a 1 ], a 1 , c 2 , R 2 [c 2 , a 2 ], a 2 , c 3 , R 3 [c 3 , a 3 ], a 3 By the above cases, the proof is complete.
Conclusion
In this paper, we obtained that BH n with |F v | + |F e | ≤ 2n − 2 and |F v | ≤ n − 1 has a fault-free cycle of length 2 2n − 2|F v |. If |F v | = 0, |F e | ≤ 2n − 2, a fault-free cycle of length 2 2n − 2|F v | = 2 2n is a Hamiltonian cycle. Since BH n is a bipartite graph with two partite sets of equal size, the cycle is the longest in the worst-case. Furthermore, since the edge connectivity of BH n is 2n, the BH n cannot tolerate 2n − 1 faulty edges. Hence, our result is optimal in terms of faulty edges.
